Traceability of k-traceable oriented graphs  by van Aardt, Susan A. et al.
Discrete Mathematics 310 (2010) 1325–1333
Contents lists available at ScienceDirect
Discrete Mathematics
journal homepage: www.elsevier.com/locate/disc
Traceability of k-traceable oriented graphs
Susan A. van Aardt a,∗, Jean E. Dunbar b, Marietjie Frick a, Peter Katrenič c, Morten H. Nielsen d,
Ortrud R. Oellermann d
a University of South Africa, South Africa
b Converse College, United States
c P.J. Šafárik University, Slovakia
d University of Winnipeg, Canada
a r t i c l e i n f o
Article history:
Received 21 March 2009
Received in revised form 2 November 2009
Accepted 23 December 2009
Available online 25 January 2010
Keywords:
Oriented graph
Generalized tournament
Traceable
Hypotraceable
k-traceable
Traceability conjecture
Longest path
a b s t r a c t
A digraph of order at least k is k-traceable if each of its subdigraphs of order k is traceable.
We note that 2-traceable oriented graphs are tournaments and for k ≥ 3, k-traceable
oriented graphs can be regarded as generalized tournaments. We show that for 2 ≤ k ≤ 6
every k-traceable oriented graph is traceable, thus extending the well-known fact that
every tournament is traceable. This result does not extend to k = 7. In fact, for every
k ≥ 7, except possibly for k = 8 or 10, there exist k-traceable oriented graphs that are
nontraceable. However, we show that for every k ≥ 2 there exists a smallest integer t(k)
such that every k-traceable oriented graph of order at least t(k) is traceable.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
The set of vertices and the set of arcs of a digraph D are denoted by V (D) and A(D), respectively, and the order of D is
denoted by n(D). A directed cycle (path, walk) in a digraph will simply be called a cycle (path, walk). The order of a longest
path in D is denoted by λ(D) and if n(D)− λ(D) = p, we say D is p-deficient.
A digraph is hamiltonian if it contains a cycle that visits every vertex, traceable if it contains a path that visits every vertex,
walkable if it contains a walk that visits every vertex, and strong (or strongly connected) if it contains a closed walk that visits
every vertex.
A digraph D is hypotraceable if D is not traceable but D− v is traceable for every v ∈ V (D).
A maximal strong subdigraph of a digraph D is called a strong component of D. We say that a digraph is trivial if it has only
one vertex. If D is a digraph with h strong components, then its strong components have an acyclic ordering D1,D2, . . . ,Dh
such that if there is an arc from Di to Dj, then i ≤ j. If D is walkable, then this acyclic ordering is unique and there is at least
one arc from Di to Di+1 for i = 1, 2, . . . , h−1. Throughout the paper we label the strong components of a walkable oriented
graph in accordance with this acyclic ordering and if 1 ≤ r ≤ s ≤ h, we denote by Dsr the subdigraph of D induced by the
vertex set
⋃s
i=r V (Di).
If v is a vertex of a digraph D, we denote the sets of out-neighbours and in-neighbours of v by N+(v) and N−(v) and the
cardinalities of these sets by d+(v) and d−(v), respectively. Theminimum degree, δ(D), ofD is defined asminv∈V (D)(d+(v)+
d−(v)).
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If D is a digraph and X ⊆ V (D), then 〈X〉 denotes the subdigraph induced by X in D. The independence number of D,
denoted α(D), is the cardinality of a largest set X ⊆ V (D) such that 〈X〉 has no arcs.
A digraph is k-traceable if it has at least k vertices and each of its induced subdigraphs of order k is traceable. Thus a
nontraceable digraph of order k+ 1 is k-traceable if and only if it is hypotraceable.
Obviously, an oriented graph is 2-traceable if and only if it is a nontrivial tournament. Hence, for k = 2, every strong
k-traceable oriented graph of order greater than k is hamiltonian. In [10]we showed that this is also the case if k = 3 or 4, but
for every n ≥ 5 there exists a nonhamiltonian strong oriented graph of order n that is k-traceable for every k ∈ {5, 6, . . . , n}.
Thus the situation with respect to hamiltonicity changes dramatically when k ≥ 5.
In Section 3we extend the fact that every tournament is traceable, by showing that for k = 2, 3, 4, 5, 6, every k-traceable
oriented graph is traceable. However, it is shown in [11] that there exists a nontraceable k-traceable oriented graph of order
k+ 1 for every k ≥ 7 except, possibly, for k = 8 or 10.
It is therefore natural to ask: How dramatic is the change that occurs with respect to traceability when k ≥ 7? Do there
exist nontraceable k-traceable oriented graphs of arbitrarily large order for some or for all k ≥ 7? In Section 4 we answer
this question in the negative, by proving that if k = 7 or 8, every k-traceable oriented graph of order at least 6k − 20 is
traceable, and for k ≥ 9, every k-traceable oriented graph of order at least 2k2 − 20k+ 59 is traceable.
Our interest in k-traceability problems stems from the following traceability conjecture, called the TC, which is studied
in [10] and [3].
Conjecture 1 (TC). For k ≥ 2, every k-traceable oriented graph of order at least 2k− 1 is traceable.
The TC was motivated by the Path Partition Conjecture for digraphs (DPPC), which may be stated as follows.
Conjecture 2 (DPPC). If D is a digraph and (a, b) is any pair of positive integers such that a + b = λ(D), then V (D) has a
partition (A, B) such that λ(〈A〉) ≤ a and λ(〈B〉) ≤ b.
The DPPC has been shown to hold for special classes of graphs (see e.g. [9,1]) but the conjecture seems very difficult to
settle in general. Even the special case a = 1, which was formulated by Laborde, Payan, and Xuong in 1982 and treated
in [9,4,5,7,8], has not yet been settled. Another interesting special case that remains open is the restriction of the DPPC to
1-deficient oriented graphs (see [10,12]).
Suppose D is a 1-deficient oriented graph and (a, b) a pair of positive integers with a ≤ b such that a+ b = λ(D). Then
n = a+ b+ 1, so n ≥ 2(a+ 1)− 1. Thus, if the TC is true, Dwould not be (a+ 1)-traceable, i.e. Dwould have a subdigraph
H of order (a+ 1) with λ(H) ≤ a, and hence (V (H), V (D)− V (H)) would be an (a, b)-partition of D. Thus the truth of the
TC would imply that the DPPC holds for 1-deficient oriented graphs. This is the main reason why wewould like to prove the
TC. However, it might well be true that a stronger result than the TC holds. (Note that this is the case for k = 2, 3, 4, 5, 6.)
Thus we pose the following problem.
Problem. For k ≥ 2, find the smallest value t(k) such that every k-traceable oriented graph of order at least t(k) is traceable.
The TC states that t(k) ≤ 2k − 1 for all k ≥ 2. In Section 4 we show that t(k) exists for all k ≥ 2. Although the upper
bound on t(k) established in Section 4 is quadratic in k when k ≥ 9, we suspect that t(k) is even less than 2k − 1 for all
k ≥ 2. In fact, we have no evidence that t(k) > k+ 2 for any k ≥ 2.
In Section 5 we show that for k = 7, 8, 9, 10, every k-traceable oriented graph of order exactly 2k− 1 is traceable. This
lends some support to the TC for k ≤ 10, since one would expect that if for some k there exists an integer n > k such that
every k-traceable oriented graph of order exactly n is traceable, then t(k) ≤ n.
2. Properties of k-traceable oriented graphs
In this section we state some useful results on k-traceable oriented graphs, most of which are proved in [10,3]. First we
have some results on the structure of the strong components.
Lemma 2.1 ([10]). Suppose D is a k-traceable oriented graph of order n with strong components D1,D2, . . . ,Dh (labeled as
described in the introduction). If Dt is not a tournament for some t ∈ {1, 2, . . . , h}, then n(Dt) ≥ n− k+ 3.
Lemma 2.2 ([10]). Let k ≥ 3 and let D be a k-traceable oriented graph of order n ≥ 2k− 5 with h strong components. Then for
every positive integer i ≤ h− 1, at least one of the digraphs Di1 and Dhi+1 is a tournament.
Theorem 2.3 ([10]). Suppose k ≥ 5 and D is a nontraceable k-traceable oriented graph of order at least 2k − 3. Then D has a
nontrivial nonhamiltonian strong component.
Lemma 2.4 ([3]). Let k ≥ 5 and suppose D is a k-traceable oriented graph of order n > k. Then every nontrivial nonhamiltonian
strong component of D has order at least n− k+ 5.
Next we have an obvious degree condition.
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Lemma 2.5 ([10]). Let k ≥ 2 and suppose D is a k-traceable oriented graph of order n. Then δ(D) ≥ n− k+ 1.
Now we prove some neighbourhood conditions.
Lemma 2.6. Suppose k ≥ 2 and D is a k-traceable oriented graph of order n and let x and y be two nonadjacent vertices in D.
Then |N+(x) ∪ N+(y)| ≥ n− k+ 1 and |N−(x) ∪ N−(y)| ≥ n− k+ 1.
Proof. Suppose, to the contrary, that |N+(x) ∪ N+(y)| ≤ n− k. Then |V (D) \ (N+(x) ∪ N+(y))| ≥ k. But every subdigraph
of D − (N+(x) ∪ N+(y)) that contains both x and y is nontraceable, since neither x nor y has any out-neighbour in
V (D) \ (N+(x) ∪ N+(y)). This contradicts our assumption that D is k-traceable.
The proof that |N−(x) ∪ N−(y)| ≥ n− k+ 1 is similar. 
In the sequel we use the following notation. If H is a subdigraph of D, then N+(H) =⋃v∈V (H) N+(v). If S is a subdigraph
of D or a set of vertices in D, we denote the out-neighbours of H that belong to S by N+S (H) and the cardinality of this set by
d+S (H). Similar notation is used with respect to in-neighbours.
Lemma 2.7. Let k ≥ 2, let D be a k-traceable oriented graph of order n with h strong components, and suppose n(Dt) ≥ n−k+1
for some t ∈ {1, 2, . . . , h}. Then the following hold:
(1) If t > 1, then |N+Dt (Dt−1)| ≥ n− k+ 1 and if y ∈ V (Dt) \ N+Dt (Dt−1), then |N−Dt (y)| ≥ n− k+ 1.
(2) If t < h, then |N−Dt (Dt+1)| ≥ n− k+ 1 and if y ∈ V (Dt) \ N−Dt (Dt+1), then |N+Dt (y)| ≥ n− k+ 1.
Proof. We shall prove (1). Suppose |N+Dt (Dt−1)| ≤ n − k. Let y ∈ V (Dt) \ N+Dt (Dt−1). Let S consist of k vertices from the set
V (D) \ N+Dt (Dt−1) such that S contains y and at least one vertex in Dt−1. Then, since there are no arcs from S ∩ V (Dt−1) to
S ∩ V (Dt), the induced subdigraph 〈S〉 is nontraceable. Thus |N+Dt (Dt−1)| ≥ n− k+ 1.
Let y ∈ V (Dt) \ N+Dt (Dt−1) and suppose |N−Dt (y)| ≤ n − k. Then let S consist of k vertices in V (D) \ N−Dt (y), such that S
contains y and at least one vertex v in Dt−1. Since y has no in-neighbours in S, no path in 〈S〉 contains both y and v, so 〈S〉 is
nontraceable. The proof of (2) is similar. 
Lemma 2.8. Let D be a nontraceable k-traceable oriented graph of order n. Suppose x ∈ V (D) and P is a path in D−x with initial
vertex u and terminal vertex v such that {u, v} ⊆ N+(x) ⊆ V (P) (or {u, v} ⊆ N−(x) ⊆ V (P)). Then n(P) 6= n− k+ 1.
Proof. Suppose, {u, v} ⊆ N+(x) ⊆ V (P) and n(P) = n− k+ 1. Let P ′ = P − v. Then n(D− V (P ′)) = k and hence D− V (P ′)
has a hamiltonian pathQ . If x is the terminal vertex ofQ , thenQP ′ is a hamiltonian path ofD. If not, thenQ contains the arc xv
which can be replaced by the path xP to obtain a hamiltonian path of D. This contradiction proves that n(P) 6= n−k+1. 
The following corollary of Lemma 2.8 is particularly useful in the case of an oriented graph that is j-traceable for a
sequence of consecutive values of j.
Corollary 2.9. Let k ≥ 2 and suppose D is a nontraceable oriented graph of order n that is j-traceable for j = k, k+1, . . . , n−1.
If x ∈ V (D) such that d+(x) ≥ 2 (or d−(x) ≥ 2) and P is a path in D − x that contains all the out-neighbours (or all the in-
neighbours) of x, then n(P) ≥ n− k+ 2.
Proof. Wemay assume P is a shortest path containing N+(x). Then the initial vertex and terminal vertex of P are both out-
neighbours of x. Hence, since D is j-traceable for j = k, k + 1, . . . , n − 1, Lemma 2.8 implies that n(P) 6= n − j + 1 for
j = k, k+ 1, . . . , n− 1, i.e., n(P) 6= i for i = 2, 3, . . . , n− k+ 1. 
The following result, proved in [3], is also a corollary of Lemma 2.8.
Corollary 2.10 ([3]). Let k ≥ 2 and suppose v is a vertex in a nontraceable k-traceable oriented graph of order n. If d+(v) =
n− k+ 1, then 〈N+(v)〉 is nontraceable. Similarly, if d−(v) = n− k+ 1, then 〈N−(v)〉 is nontraceable.
3. Extending the result that all tournaments are traceable
Obviously, an oriented graph is 2-traceable if and only if it is a tournament. Thus for k = 2, every k-traceable oriented
graph is traceable. In this section we show that this is also the case for k = 3, 4, 5, 6.
First, we need some results on hypotraceable oriented graphs. We note that a nontraceable oriented graph of order k+1
is k-traceable if and only if it is hypotraceable. The importance of hypotraceable oriented graphs in connection with the
existence of nontraceable k-traceable oriented graphs of order greater than k+ 1 is clear from the following.
Lemma 3.1 ([3]). If n > k ≥ 3 and D is a nontraceable k-traceable oriented graph of order n, then D contains a hypotraceable
oriented graph of order m as induced subdigraph for some m ∈ {k+ 1, k+ 2, . . . , n}.
We note that K1 ∪ K1 is the only disconnected hypotraceable (di)graph. The next result is also proved in [3].
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Lemma 3.2 ([3]). There does not exist a connected hypotraceable oriented graph of order less than 8.
Grötschel, Thomassen, and Wakabayashi [6] constructed an infinite family of hypotraceable oriented graphs. Further
constructions are provided in [11], from which the following two results are concluded.
Theorem 3.3 ([11]). There exists a hypotraceable oriented graph of order n for every n ≥ 8, except possibly for n = 9 or 11.
Lemma 3.4 ([11]). No hypotraceable oriented graph of order 8 is 5-traceable or 6-traceable.
As observed in [3], a hypotraceable oriented graph cannot have a vertex of in-degree 1 or out-degree 1. Thus, for strong
hypotraceable oriented graphs we have the following degree conditions.
Lemma 3.5. If D is a strong hypotraceable oriented graph and x ∈ V (D), then d+(x) ≥ 2 and d−(x) ≥ 2.
Since the TC holds for k ≤ 6, as shown in [10,3], it follows immediately from Lemmas 3.1, 3.2 and 3.4 that for 2 ≤ k ≤ 5
every k-traceable oriented graph is traceable. The fact that the TC holds for k = 6 implies that every 6-traceable oriented
graph of order at least 11 is traceable. Moreover, Lemmas 3.1, 3.2 and 3.4 show that every 6-traceable oriented graph of
order at most 8 is traceable. We now prove the following.
Lemma 3.6. Every 6-traceable oriented graph of order 9 or 10 is traceable.
Proof. First, suppose D is a nontraceable 6-traceable oriented graph of order 9. It follows from Lemmas 3.1, 3.2 and 3.4 that
D is also 7- and 8-traceable.
If D is not strong, then it follows from Theorem 2.3 and Lemma 2.4 that D has a nonhamiltonian strong component X
of order 8 and one trivial strong component. By symmetry, we may assume that D1 = {x} and D2 = X . Since D is 8-
traceable, D2 is traceable. Let v1v2 . . . v8 be a hamiltonian path of D2. Then v1 6∈ N+(x), so it follows from Lemma 2.7(1) that
d−D2(v1) ≥ 4. Since D2 is nonhamiltonian, all the in-neighbours of v1 lie on the path v3v4v5v6v7, so Corollary 2.10 implies
that {v3, v7} ⊆ N−(v1). Since D2 is strong, v8 has an out-neighbour on the cycle C = v1v2 . . . v7v1 and hence x is also
nonadjacent to v8; otherwise, Dwould be traceable. Hence, by Lemma 2.7(1), we have that d−D2(v8) ≥ 4 and by Lemma 2.5,
d+D2(x) ≥ 4. However, since D is nontraceable, no predecessor of an out-neighbour of x on C is an in-neighbour of v8, so we
have a contradiction.
Now suppose D is strong. Then, since D is hypotraceable, it follows from Lemma 3.5 that Corollary 2.9 applies to every
vertex of D. Let x ∈ V (D) and let v1v2 . . . v8 be a hamiltonian path of D − x. Since D is nontraceable, neither x nor v8
is an in-neighbour of v1, so the in-neighbours of v1 lie on the path v3v4v5v6v7. Hence it follows from Corollary 2.9 that
{v3, v7} ∈ N−(v1). Also, since v8 has an out-neighbour on the cycle v1v2 . . . v7v1, it follows that v8 is not a neighbour of x;
otherwise, D is traceable. Similarly, {v2, v6} ⊆ N+(v8) and v1 is not a neighbour of x.
Now suppose v7 ∈ N+(x). Then v6 6∈ N−(x) and hence all the in-neighbours of x lie on the path v2v3v4v5, contradicting
Corollary 2.9. Hence v7 6∈ N+(x) and therefore we have {v2, v6} ⊆ N+(x). Again using Corollary 2.9, we see that
{v3, v7} ⊆ N−(x).
Now v1 6∈ N−(v8), otherwise v1v8v2v3 . . . v7x is a hamiltonian path inD. Hence, by Corollary 2.9, {v3, v7} ⊆ N−(v8). Thus
{x, v1, v8} is an independent set in D and {v3, v7} ⊆ N−(x) ∩ N−(v1) ∩ N−(v8). But then any subdigraph of Dwhose vertex
set consists of x, v1, v3, v7, v8, and one other vertex is nontraceable, contradicting our assumption that D is 6-traceable.
Thus we have proved that every 6-traceable oriented graph of order 9 is traceable. We conclude that every 6-traceable
oriented graph of order 10 is 6-, 7-, 8-, and 9-traceable, and consequently the above proof can easily be adapted to show
that every 6-traceable oriented graph of order 10 is traceable. 
We conclude the following.
Theorem 3.7. For 2 ≤ k ≤ 6 every k-traceable oriented graph is traceable, but for every k ≥ 7, except possibly for k = 8 or 10,
there exists a nontraceable k-traceable oriented graph of order k+ 1.
4. An upper bound on the order of nontraceable k-traceable oriented graphs
The following theorem shows that, in order to establish whether there exist nontraceable k-traceable oriented graphs
of arbitrarily large order for any k ≥ 7, we may restrict our attention to k-traceable oriented graphs with independence
number 2.
Theorem 4.1 ([10]). For k ≥ 2, every k-traceable oriented graph of order greater than 6k − 21 has independence number at
most 2.
The following well-known theorem was proved by Chen and Manalastas [2].
Theorem 4.2 ([2]). Every strong digraph with independence number at most two is traceable.
Havet [7] extended this result as follows.
Theorem 4.3 ([7]). If D is a strong digraph with α(D) = 2, then D has two nonadjacent vertices that are terminal vertices of
hamiltonian paths in D and two nonadjacent vertices that are initial vertices of hamiltonian paths in D.
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The following corollary of this theorem shows that we may further restrict our attention to oriented graphs with at least
three strong components.
Corollary 4.4. If D is a connected digraph having independence number 2 and atmost two strong components, thenD is traceable.
Proof. By Theorem 4.2, we may assume D has exactly two strong components, D1 and D2, and both are traceable. Since
every strong tournament is hamiltonian, we may assume that at least one of the two strong components, say D1, is not a
tournament. By Theorem 4.3, D1 has two nonadjacent vertices y and z, each of which is a terminal vertex of a hamiltonian
path of D1. Let a be the initial vertex of a hamiltonian path of D2. Then at least one of y and z, is adjacent to a and hence D
has a hamiltonian path. 
We now prove our main theorem.
Theorem 4.5. If k ≥ 3 and D is a k-traceable oriented graph of order at least 2k2− 20k+ 59 and α(D) ≤ 2, then D is traceable.
Proof. Let D be a k-traceable oriented graph of order n ≥ 2k2 − 20k + 59 and α(D) ≤ 2. Suppose D is nontraceable. Then
α(D) = 2 and, by Theorem 3.7, k ≥ 7.
Suppose the strong components of D are D1,D2, . . . ,Dh. Then Corollary 4.4 implies that h ≥ 3 and Theorem 2.3 implies
that Dt is nontrivial and nonhamiltonian for some t ≤ h. Moreover, Lemma 2.4 implies that n(Dt) ≥ n− k+ 5.
Suppose t = 1. Then Lemma 2.2 implies that Dh2 is a tournament, and hence every vertex in the strong component D2
is an initial vertex of a hamiltonian path of Dh2. But, by Theorem 4.3, there exist two nonadjacent vertices u and v in V (D1)
such that both are end vertices of hamiltonian paths in D1. Since we are assuming D is nontraceable, this implies that both
u and v are nonadjacent with every vertex in D2, contradicting that α(D) = 2. Hence t 6= 1 and we can prove similarly that
t 6= h. Since Dt is not a tournament, it follows from Lemma 2.2 that Dt−11 as well as Dht+1 are tournaments. Denote the order
of Dt−11 , Dt , and D
h
t+1, respectively, by p, q, and r . We note that n− k+ 5 ≤ q ≤ n− 2.
Now let x ∈ V (Dt−1) and y ∈ V (Dt+1). Then Dt−11 has a hamiltonian path P ending at x and Dht+1 has a hamiltonian path R
starting at y. By Theorem 4.3 and the fact that α(Dt) = 2, the strong component Dt has a hamiltonian path Q = v1v2 . . . vq
such that vq ∈ N−(y). SinceD is nontraceable, this implies that no vertex inDt−1 belongs toN−(v1). Hence, by Lemma 2.7(1),
d−Q (v1) ≥ n− k+ 1.
Let l be the largest integer such that vl ∈ N−Q (v1). Then l − 2 ≥ d−Q (v1) ≥ n − k + 1. Thus l ≥ n − k + 3. If p > 1, then
q ≤ n− 3. Since l ≥ n− k+ 3, it follows that in this case q− l ≤ k− 6. If p = 1, then all the in-neighbours of v1 lie on Q , so
in this case Corollary 2.10 implies that l ≥ n− k+ 4. Thus also in this case we have q− l ≤ (n− 2)− (n− k+ 4) = k− 6.
The following three claims will be used repeatedly. They are all easy consequences of our assumption that D is
nontraceable.
Claim 1. If vi ∈ N+Dt (Dt−1) for some i ∈ {2, 3, . . . , l}, then vi−1 6∈ N−Dt (vl+1); otherwise, D is traceable.
Claim 2. Suppose vl+1 ∈ N+Dt (Dt−1). If vi ∈ N+(vj) for some i ∈ {2, 3, . . . , l} and j ∈ {l+ 1, . . . , q− 1}, then vi−1 6∈ N−(vj+1).
Claim 3. Suppose vl+1 ∈ N+Dt (Dt−1). If vj ∈ N+(vq) for some j ∈ {2, 3, . . . , l}, then vj−1 6∈ N−Dt (Dt+1).
Let L be the subpath v1v2 . . . vl of Q . Now, by Lemma 2.7(1), d+Q (Dt−1) ≥ n− k+ 1. Therefore,
d+L (Dt−1) ≥ (n− k+ 1)− (q− l).
Hence, by Claim 1, at least (n− k+ 1)− (q− l) vertices in L are not in N−Q (vl+1). We consider two cases.
Case 1. q = l+ 1.
Since vq is not a neighbour of itself,
d−Q (vq) ≤ (q− 1)− ((n− k+ 1)− 1) = q− n+ k− 1.
Since q ≤ n − 2, this implies that d−Q (vq) ≤ k − 3 < n − k + 1, by our assumption on n. So Lemma 2.7(1) implies that
vq ∈ N+(z) for some z ∈ V (Dt−1). Moreover, since d−(vq) = d−Q (vq)+ d−Dt−11 (vq), it follows that
d−(vq) ≤ (q− n+ k− 1)+ p.
But, by Lemma 2.5, d+(vq) ≥ n− k+ 1− d−(vq). Hence
d+(vq) ≥ 2n− 2k+ 2− (p+ q).
Since d+L (vq) = d+(vq)− d+Q\L(vq)− d+Dht+1(vq), it follows that
d+L (vq) ≥ (2n− 2k+ 2)− (p+ q+ r) = n− 2k+ 2.
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Thus it follows from Claim 3 that at least n− 2k+ 2 vertices in L are not neighbours of any vertex in Dt+1. Since q ≤ n− 2,
we obtain
d−Q (Dt+1) ≤ q− (n− 2k+ 2) ≤ 2k− 4.
But 2k− 4 ≤ n− k, by our assumption that n ≥ 2k2 − 20k+ 59 and k ≥ 7. Hence
d−Q (Dt+1) < n− k+ 1,
contradicting Lemma 2.7(2).
Case 2. q ≥ l+ 2.
In this case vl+2 is also not an in-neighbour of vl+1. Since there are at least (n− k+ 1)− (q− l) ≥ n− 2k+ 7 vertices of
L that are not in-neighbours of vl+1,
d−Q (vl+1) ≤ (q− 2)− (n− 2k+ 7) = 2k− n− 9+ q.
Since q ≤ n − 2, this implies that d−Q (vl+1) ≤ 2k − 11 < n − k + 1, by our assumption on n. Hence, by Lemma 2.7(1),
vl+1 ∈ N+Dt (Dt−1).
From the above,
d−(vl+1) ≤ d−Dt (vl+1)+ p ≤ 2k− n− 9+ p+ q.
So, by Lemma 2.5,
d+(vl+1) ≥ (n− k+ 1)− (2k− n− 9+ p+ q) = 2n− 3k+ 10− (p+ q)
and hence
d+L (vl+1) ≥ (2n− 3k+ 10)− (p+ q+ r)− (q− l− 1) = n− 3k+ 11− (q− l).
Since q− l ≤ k− 6, this implies that
d+L (vl+1) ≥ n− 4k+ 17.
We now show by induction that
d+L (vl+i) ≥ n− 2k+ 6− i(2k− 11) for i = 1, 2, . . . , q− l− 1.
We have already proved the basis step. Now suppose
d+L (vl+j) ≥ n− 2k+ 6− j(2k− 11)
for some j ∈ {1, 2, . . . , q− l− 2}.
By Claim 2,
d−Q (vl+j+1) ≤ (q− 2)− (n− 2k+ 6− j(2k− 11)).
Therefore,
d−(vl+j+1) ≤ (q− 2)− (n− 2k+ 6− j(2k− 11))+ p
and hence, by Lemma 2.5,
d+(vl+j+1) ≥ (n− k+ 1)− (q− 2+ p− n+ 2k− 6+ j(2k− 11)).
Therefore,
d+L (vl+j+1) = d+(vl+j+1)− d+Dht+1(vl+j+1)− d
+
Q\L(vl+j+1)
≥ (n− k+ 1)− (p+ q+ r − 2− n+ 2k− 6+ j(2k− 11))− (k− 8)
= (n− 2k+ 6)− (j+ 1)(2k− 11).
This completes our induction and proves that
d+L (vq−1) ≥ (n− 2k+ 6)− (q− l− 1)(2k− 11)
≥ (n− 2k+ 6)− (k− 7)(2k− 11).
Hence, by Claim 2,
d−Q (vq) ≤ (q− 1)− [(n− 2k+ 6)− (k− 7)(2k− 11)],
so
d−(vq) ≤ p+ q− 1− [(n− 2k+ 6)− (k− 7)(2k− 11)].
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Thus, by Lemma 2.5,
d+(vq) ≥ (n− k+ 1)− p− q+ 1+ (n− 2k+ 6)− (k− 7)(2k− 11)
= 2n− 3k+ 8− (p+ q)− (k− 7)(2k− 11)
and therefore
d+L (vq) ≥ 2n− 3k+ 8− (p+ q+ r)− (k− 7)(2k− 11)− (q− l− 2)
≥ 2n− 3k+ 8− n− (k− 7)(2k− 11)− (k− 8)
= n− 2k2 + 21k− 61.
Finally, by Claim 3,
|N−Dt (Dt+1)| ≤ q− (n− 2k2 + 21k− 61)
≤ (n− 2)− (n− 2k2 + 21k− 61)
= 2k2 − 21k+ 59
< n− k+ 1,
since n ≥ 2k2 − 20k+ 59. This contradicts Lemma 2.7(2). 
We note that 2k2 − 20k+ 59 ≥ 6k− 20 if and only if k ≥ 9. Thus Theorems 4.1 and 4.5 imply the following.
Corollary 4.6. For k = 7, 8, every k-traceable oriented graph of order at least 6k − 20 is traceable, and for k ≥ 9, every
k-traceable oriented graph of order at least 2k2 − 20k+ 59 is traceable.
5. k-traceable oriented graphs of order 2k − 1
In this section we consider the special case n = 2k− 1 of the TC. The following result is useful for this case.
Lemma 5.1. Suppose D is a nontraceable k-traceable oriented graph of order 2k − 1. Then, for every vertex v in D, either
d−(v) ≥ k+ 1 or d+(v) ≥ k+ 1.
Proof. It follows from Corollary 2.10 that d+(v) 6= k and d−(v) 6= k. Now suppose d+(v) ≤ k− 1 and d−(v) ≤ k− 1. Let A
consist of k vertices in D such that {v} ∪N+(v) ⊆ A ⊆ V (D) \N−(v) and let B = (V (D) \ A)∪ {v}. Then A has a hamiltonian
path starting at v and B has a hamiltonian path ending at v, which implies that D is traceable. 
Our next result shows that the case n = 2k− 1 of the TC is true for k ≤ 10.
Theorem 5.2. If k = 7, 8, 9 or 10 and D is a k-traceable oriented graph of order 2k− 1, then D is traceable.
Proof. Suppose D is nontraceable. We consider two cases.
Case 1. α(D) = 2.
For this case we use the proof technique of Theorem 4.5 together with Lemma 5.1.
Suppose D has h strong components. Then, as in the proof of Theorem 4.5, there is a t ∈ {2, . . . , h − 1} such that the
strong component Dt is nonhamiltonian and the subdigraphs Dt−11 and D
h
t+1 are tournaments. Denote the order of D
t−1
1 , Dt ,
and Dht+1 by p, q, and r , respectively. Then k + 4 ≤ q ≤ 2k − 3. Furthermore, Dt has a hamiltonian path Q = v1v2 . . . vq
such that vq ∈ N−(Dt+1) and v1 6∈ N+(Dt−1). Let l be the largest integer such that vl ∈ N−Q (v1) and let L = v1v2 . . . vl. Then
l ≥ k+ 2 and q− l ≤ k− 6. Furthermore, it follows from Lemma 2.7(1) that d+Q (Dt−1) ≥ k and hence
d+L (Dt−1) ≥ k− (q− l).
Claims 1–3 of the proof of Theorem 4.5 also apply. We now consider two subcases.
Case 1.1. q = l+ 1.
In this case d+L (Dt−1) ≥ k− 1, so Claim 1 implies that
d−(vq) ≤ 2k− 2− (k− 1) = k− 1.
Hence, by Lemma 2.7(1), vq ∈ N+(Dt−1). Moreover, by Lemma 5.1, d+(vq) ≥ k+ 1 and hence
d+L (vq) ≥ k+ 1− r.
Hence, by Claim 3,
d−Q (Dt+1) ≤ q− (k+ 1− r) ≤ k− 3,
since q+ r ≤ 2k− 2. This contradicts Lemma 2.7(2).
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Case 1.2. q ≥ l+ 2.
In this case the vertices in {vl+1, vl+2} ∪ Dht+1 are not in-neighbours of vl+1, so it follows from Claim 1 that
d−(vl+1) ≤ (2k− 1)− 2− r − (k− (q− l)) ≤ 2k− 10,
since q − l ≤ k − 6 and r ≥ 1. Since we are assuming that k ≤ 10, this implies that d−(vl+1) < k + 1 and hence, by
Lemma 5.1, d+(vl+1) ≥ k+ 1. This implies that
d−(vl+1) ≤ (2k− 2)− (k+ 1) < k
and hence, by Lemma 2.7(1), vl+1 ∈ N+(Dt−1).
We now show by induction that d+(vl+i) ≥ k + 1 for i = 1, 2, . . . , q − l. Suppose d+(vl+i) ≥ k + 1 for some
i ∈ {1, 2, . . . , q− l− 1}. Then, since vl+i has at most q− l− 1 out-neighbours in Q − V (L) and at most r in Dht+1,
d+L (vl+i) ≥ k+ 1− r − (q− l− 1) ≥ 8− r,
since q− l ≤ k− 6. Hence, by Claim 2,
d−(vl+i+1) ≤ 2k− 2− (8− r)− r = 2k− 10 < k+ 1.
Hence, by Lemma 5.1, d+(vl+i+1) ≥ k+ 1. This completes the induction and we conclude that d+(vq) ≥ k+ 1.
Now vq has at most r out-neighbours in Dht+1 and at most q− l− 2 in Q − V (L), since q ≥ l+ 2. Hence
d+L (vq) ≥ k+ 1− r − (q− l− 2) ≥ 9− r.
Hence, by Claim 3,
d−Q (Dt+1) ≤ q− (9− r) ≤ 2k− 2− 9 = 2k− 11 < k,
contradicting Lemma 2.7(2).
Case 2. α(D) ≥ 3.
Let {x1, x2, x3} be an independent set of vertices in D. By Lemma 5.1, we may assume without loss of generality that
d+(x1) ≥ k + 1 and d+(x2) ≥ k + 1. This implies that d−(xi) ≤ (2k − 1) − (k + 1) − 3 = k − 5 for i = 1, 2. Therefore,
|N−(x1) ∪ N−(x2)| ≤ 2k− 10. This contradicts Lemma 2.6 if k < 10, so we conclude that D is traceable if k ≤ 9.
If k = 10, it follows from Lemma 2.6 that |N−(x1) ∪ N−(x2)| = 10 and hence d−(xi) = 5 for i = 1, 2. Since d+(x1) ≥ 11,
d+(x2) ≥ 11 and n(D) = 19, it follows that d+(x1) = 11 and d+(x2) = 11.
Now let Y = N−(x1) ∪ N−(x2). Then |Y | = 10, so 〈Y 〉 is traceable. Let P = v1v2 . . . v10 be a hamiltonian path in 〈Y 〉.
Let Z = V (D) \ (Y \ {v1}). Then |Z | = 10, so 〈Z〉 is traceable. Let Q be a hamiltonian path in 〈Z〉. We need to consider two
possibilities for v1 and v10.
Case 2.1. v1 ∈ N−(x1) and v10 ∈ N−(x2).
Since d−〈Z〉(x2) = 0, x2 is the initial vertex of Q . But then v2 . . . v10Q is a hamiltonian path in D.
Case 2.2. v1 ∈ N−(x1) and v10 ∈ N−(x1).
Since d−〈Z〉(x2) = 0 and d−〈Z〉(x1) = 1, x2 is the initial vertex of Q and Q contains v1x1. But if we replace v1x1 in Q with
v1v2 . . . v10x1, we obtain a hamiltonian path in D. 
6. Concluding remarks
The results of Sections 3 and 4 may be summarized as follows.
Theorem 6.1. Let t(k) be the smallest integer such that every k-traceable oriented graph of order at least t(k) is traceable. Then
t(k) is defined for every k ≥ 2 and
t(k) = k for k ≤ 6;
t(k) ≥ k+ 2 for all k ≥ 7, except possibly for k = 8, 10;
9 ≤ t(7) ≤ 22;
8 ≤ t(8) ≤ 28;
t(k) ≤ 2k2 − 20k+ 59 for all k ≥ 9.
Much remains to be done in order to decrease the gap between the established lower and upper bounds for t(k) when
k ≥ 7. Even determining t(7) remains a challenging open problem. The fact that we have shown that every 7-traceable
oriented graph of order exactly 13 is traceable, tempts us to believe that t(7) ≤ 13, but a proof still eludes us. We pose the
following question.
Question 1. If, for some k ≥ 7, every k-traceable oriented graph of order n(k) is traceable for some integer n(k) > k, does that
necessarily imply that t(k) ≤ n(k)? In view of the TC and Theorem 5.2, the case where n(k) = 2k − 1 is of particular interest
to us.
Lemma 3.1 together with Theorem 4.1 and Corollary 4.6 imply that if there does not exist a hypotraceable oriented graph
of order greater than 9 having independence number 2, then t(k) ≤ 6k− 20 for all k ≥ 7. A hypotraceable oriented graph
with independence number 2 and order 8 is constructed in [11], but we have not found any of order greater than 8.
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Question 2. Does there exist a hypotraceable oriented graph of order greater than 8 having independence number 2? A negative
answer would imply that t(k) is bounded above by a function that is linear in k.
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